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Nonlinear Feedback Deployment and Retrieval of Tethered
Satellite Systems

Euisok Kim* and Srinivas R. Vadalit
Texas A&M University, College Station, Texas 77843

The Lyapunov approach for controller design is applied to the tethered subsatellite deployment and retrieval
problem. The tether dynamic model includes tether mass as well as in-plane and out-of-plane librations. The
nonlinear feedback tension control law developed guarantees stability of the closed-loop system and is used in
combination with out-of-plane thrusting during retrieval. Simulation results show the tension and the combined
tension and thruster control laws perform well for deployment and retrieval, respectively, even when aerody-
namic drag is considered.

Nomenclature
Cdt, Cd = drag coefficients for the tether and subsatellite,

respectively
dt — diameter of the tether
F = external force vector
FG - gravity gradient force vector
Fy = external force in the y direction
h, h0 = vertical component of the deployed tether

length and reference altitude, respectively
L = maximum tether length
M = external torque vector
MG = gravity gradient torque vector
Mx, Mz = external torques about the x and z axes
mp = subsatellite mass
/?o, RP, Rt = vectors from the center of the Earth to the

spacecraft, mp, and an element of the tether,
respectively

T = tether tension at the spacecraft attach point
y = vector from the spacecraft attach point to the

subsatellite (\y\ =y)
$• = vector from the spacecraft attach point to a

mass element on the tether ( I £ I = £)
pt = mass per unit length of the tether
Po = reference density of the atmosphere
a = Earth's velocity of rotation

Introduction

P ROPOSAL of tethered subsatellite systems for several
important applications has led to many investigations

dealing with their dynamics and control. A comprehensive
survey of these investigations is given by Misra and Modi.1

Previous investigations in this area have shown that the non-
linear dynamics of the tethered satellite system are far from
simple. Deployment of a tethered satellite is such a stable
process that open-loop exponential-linear-exponential control
schemes2 may be used. However, the motion of the system
during retrieval is basically an unstable process due to excita-
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tion of both in-plane and out-of-plane librations and insuffi-
cient tension during the terminal phases. Open-loop control
laws similar to those used for deployment will often result in
disastrous behavior.

Many feedback control laws have been proposed for the
deployment and retrieval of tethered satellites, among which is
the pioneering work by Rupp,3 whose control law is based on
modulating the tension of the tether as a function of the
commanded and actual lengths. This type of control law was
applied to a more sophisticated model, which included out-of-
plane motion, by Baker et al.4 Bainum and Kumar5 applied
linear optimal control theory to devise a tether tension control
law based on feedback of tether length, length rate, in-plane
pitch angle, and its rate. A control law that includes additional
nonlinear feedback of the out-of-plane tether angular rate was
proposed by Modi et al.2 Recently, another nonlinear feed-
back tension control law was introduced by Liangdong and
Bainum6 that includes nonlinear in-plane and out-of-plane
angles and angular rates. Although these control laws have
been shown to be effective for various conditions through
simulations, the design methodology does not appear to be
based on stability considerations of the nonlinear system.
Also, all of the previously mentioned control laws require a
feed-forward length command that must be chosen carefully
for proper operation of the control laws.

The Lyapunov (mission function) approach was first imple-
mented for the design of a deployment/retrieval control law
by Fujii and Ishijima.7 They presented a highly nonlinear
tension control law that can be used for both deployment and
retrieval and does not require feed-forward length commands.
However, the model used was rather simple in that tether mass
and flexibility, out-of-plane motion, and aerodynamic effects
were neglected. Two other types of control laws derived via
the Lyapunov approach were introduced by Vadali8 using the
same model as Fujii and Ishijima. One is an alternative tension
control law and the other a velocity control law that allows
fast retrieval by attempting to maintain a constant pitch angle.

A three-dimensional treatment of this problem, including
out-of-plane dynamics but neglecting tether mass and aerody-
namics, is provided by Vadali and Kim.9 Two control laws are
derived in Ref. 9. The first is based on partial decomposition
of the equations of motion and utilization of a two-dimen-
sional control law developed in Ref. 8. The other is based on
a Lyapunov function that takes into consideration out-of-
planc motion. It is shown in Ref. 9 that the control laws are
effective when used in conjunction with out-of-plane thrusting.

In this study, another nonlinear feedback tension control
law is derived using the Lyapunov approach for a model that
includes tether mass and out-of-plane motion. The tension
control law is used in combination with out-of-plane thrusters
to improve convergence in the terminal phases of retrieval.
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Analysis of the stability of the closed-loop system is also
given, and the effectiveness of the tension control law in the
presence of aerodynamic drag is verified via simulation.

System Equations of Motion
As mentioned previously, the dynamics of the tethered sat-

ellite system is complex in its general form when we take into
account terms such as flexibility of the tether, translation of
the system center of mass, and off-centered attachment of the
tether. In this study, these effects are neglected for simplicity
based on the assumption that they have little effect on the
general trend of the motion of the system. We further simplify
the dynamics by making the following assumptions.

1) The mass of the spacecraft is assumed to be sufficiently
larger than the mass of the subsatellite so that deviation from
the reference circular orbit due to deployment/retrieval may
be neglected.

2) The tether is assumed to be uniform and straight.
3) The subsatellite is assumed to be a small spherical body.
The reference coordinate systems are shown in Fig. 1. In

reality, the massive tether will be curved due to aerodynamic
effects. It will also vibrate laterally. For this case, the y axis
should be defined to be aligned with the straight line connect-
ing the spacecraft attach point and the subsatellite attach point,
and the deviation of the tether from this line will add to the
error of the simplified model used herein. With this definition
of the y axis, the in-plane and out-of-plane angles can be com-
puted by measuring the relative position of one of the attach
points with respect to the other. Some possible schemes of
accomplishing this may be through the use of telemetry sys-
tems on the spacecraft and the subsatellite, or laser equipment.

The equations of motion are derived by the Newton-Euler
method according to the procedure outlined in Ref. 10 and the
assumptions mentioned above as the following:

but defined from a point attached to the spacecraft, the force
required to accelerate a mass particle initially in the spacecraft
to the deployment velocity will appear in the tension equation.
Consequently, time derivatives of integral functions should be
evaluated with the lower limit of integration initially replaced
by^o with j0 = /, and later setting >>0^0. Then, by making use
of Leibnitz's rule, the following identity can be derived:

d
(2)

It is understood that Eq. (2) holds for all equations appearing
herein.

The transformation between the flight-path-oriented X, Y,
Z coordinate system to the tether attached coordinate system
is given by

(3)

where Cx and Sx denote cos* and siruc, respectively. The rela-
tionship between the angular velocity w in the x, y, and z
coordinate system and the time derivatives of 0 and <£> is

(0 + 0)Q
- ( - (fl + 0)S0

0

(4)

We obtain the following equations of motion after includ-
ing the contributions due to the gravity gradient and perform-
ing the necessary mathematical operations:

M + MG = — O x mpy) + y X

RtPt

(la)

(Ib)

It should be noted here that, in formulating Eqs. (1), the
Netwon-Euler method is applied to a moving control volume.
This control volume is defined to include the subsatellite and
the portion of the tether from a point attached to the tether
(and therefore, having deployment velocity /) at the tether-
spacecraft attach point, to the subsatellite attach point. It is
necessary to define the control volume in this manner to
correctly reflect the dynamics of the tether being deployed by
a reel system. If the control volume is not defined as above,

Mx = m +

- 2mp +

ma

M, - I wp

2m +

(5a)

yy<t>

3fi2( mD + - (5b)

Pty)y - •fjxo + vci

(5c)

where T is the tension of the tether at the attach point in the
negative y direction. The external torques and forces are as-
sumed to be due to aerodynamic drag and subsatellite
thrusters.

The equations of motion may be nondimensionalized by
defining the following variables:

= f _
L'

T

M(

Fig. 1 Coordinate system and orientation.
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Then, we may write the equations of motion in nondimen-
sional form as

(6a)

Mx = l +

Mz = \ + — + 2 l + —

(6b)

F, - f = (1 + cX)X" - ( 1 + -$ )X(1 + 0')2Q2

cXN

(6c)

where c = ptL /mp and () ' denotes differentiation with respect
to r.
Aerodynamic Drag

One of the important proposed applications of the tethered
subsatellite system is to conduct research in the layer of higher
atmosphere, not accessible to either atmospheric vehicles or
satellites, by deploying a research satellite from the Space
Shuttle. Significant aerodynamic forces acting on the tether
and subsatellite must be accounted for in such applications.
The aerodynamic force vector acting on an element AL of the
tether can be approximated by11

(7)

The atmospheric density and velocity of the element with
respect to the atmosphere are defined by

p = p

vyj + Vzk

oCeSj, - R0(6 -

iSt - R0CeCt - R0(B

The total aerodynamic torque acting on the system due to the
tether can then be expressed by the components

MX = - 1/2 Cd dy (8a)

MZt = V2Cddt(V2
x dy (8b)

about the x and z axes. The y component of the aerodynamic
force is

dy (8c)

Since the subsatellite is assumed to be spherical, the aerody-
namic torque and force components acting on the subsatellite
are given by

MX = ~

MZp =

Fyp = -

(9a)

(9b)

(9c)

Out-of-Plane Thrusters
In this study, we assume that damping of the out-of-plane

motion is provided by thrusters on the subsatellite whose
thrust is a linear function of the time derivative of the out-of-
plane angle. In real applications, the subsatellite must be
controlled so that the thrusters are pointed in the correct
direction if thrusters are to be used to control the out-of-plane
motion. Even if the subsatellite is equipped with such a control
system, pointing errors might cause thruster firings to excite
the in-plane motion also. As an example, the attitude control
system of the subsatellite to be used in the TSS-1 mission,
scheduled to be launched in the near future, is designed to
hold the yaw angle so that the out-of-plane thrusters are
correctly oriented within an error bound of ± 3 deg.12

Assuming that the angular deviation in pointing direction is
\l/ about the y axis, the nondimensional torque generated by
the thrusters about the x and z axes may be expressed as

(lOa)

(lOb)cosi/'

Now, the total external torques and forces due to aerody-
namic drag and thrusters may be expressed in nondimensional
form as

Mx = MX MXl

F — Fry ~ ryp

(lla)

(lib)

(lie)

Controller Design by Lyapunov Method
The Lyapunov (mission) function method of designing feed-

back control laws for nonlinear systems has been applied to a
variety of problems including spacecraft large angle maneu-
vers. A review of some of the past studies and explanation of
the method can be found in Ref. 13. Basically, the method can
be explained as follows.

Let V be a positive definite function of the states of a
nonlinear dynamic system such that V = 0 if and only if the
states reach the desired final state. If a control can be found as
a function of the states such that the time derivative of the
Lyapunov function Kis globally negative definite, the control
law guarantees V to converge to zero and the states to con-
verge to the desired final state. Such a feedback control law is
said to asymptotically stabilize the closed-loop system. If,
however, Kis negative semidefinite, it may be possible for the
states to converge to other equilibrium configurations. Obvi-
ously, even if Kis negative definite, the states may converge to
values other than the desired final values if V - 0 for those
values of the states. Nevertheless, we can guarantee that the
desired final state is reachable in a local sense. Physically, this
means that if the deployment/retrieval rate is not too large,
the desired equilibrium point can be reached.

Although this method is attractive in that it leads to a
feedback control law that stabilizes the nonlinear system, find-
ing a suitable Lyapunov function is often very difficult. There
is also no guarantee concerning performance of the control
law, and in most cases, the feedback gains must be chosen by
trial and error.

For the tethered satellite system, the desired final state after
deployment or retrieval is

The selection of a proper Lyapunov function is normally the
most difficult step in the controller design procedure using the
Lyapunov approach. There are no systematic procedures for
constructing the Lyapunov function for all dynamic systems.
Therefore, the Lyapunov function is usually constructed by
skillfully selecting positive definite terms in the Lyapunov
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function such that when the Lyapunov function is differenti-
ated, an expression for the control variable can be selected
that will cause the derivative to become negative definite or
negative semidefinite. Integrals of motion and energy expres-
sions are often good starting points for selecting a Lyapunov
function, although any positive definite function may be used
theoretically. In the present study, the Hamiltonian is used to
construct the Lyapunov function. The Hamiltonian for the
model used here is

H
fX \ / D2\ / f X

1+ cd , ) (X ' 2 -39 f ) + (x2 + c^d,,
Jo / \ ^ / \ Jo

(12)

It can be verified that the Hamiltonian of the system is a
constant of motion when tether length is assumed constant.
The similarity of Eq. (12) with the constant of motion found
in Ref. 9 should be noted. By utilizing the positive definite
terms of //, a Lyapunov stable feedback control law can be
derived for the tethered satellite system as follows.

Let us define V as follows:

= T 1 +

+ ( X2 + cry2 dr, )(0'2 + 0'2C0
2 + 3S2C2

J o
- 4S2)

K2(l+~\ cdr, (0'2 + 0 / 2C 2 + 352C2 + 4S2) (13)
3 Jo / . J

It can be verified easily that V is positive definite for K\ > 0
and A2 ̂  0 and is identically zero if the desired final state is
reached. It is also apparent that, besides the desired final state,
V = 0 for the following equilibrium states:

1) X = X y , X ' = 0 '

2) X = Xy, X ' = 0 '

3) X = Xy, X ' = 0 '

= 0 ' = 0 , 0 -0 , 0 = 7T

= 0 ' = 0 , 0 = 7 T , 0 -0

= 0 ' = 0 , 0 - 7 T , 0 = 7 T

Note that equilibrium states 1 and 2 describe identical orienta-
tion of the tethered satellite system when the tether is deployed
upward and the orientation described by 3 is equivalent to the
desired final state. The control design process is initiated by
neglecting the aerodynamic forces.

Differentiating Eq. (13) with respect to T and using Eqs. (6)
to eliminate the second derivatives, V is obtained as

V = X ' ] -? + 3( 1 +

(14)

It is clear that V is rendered negative semidefinite for positive
K$ and AT3, by choosing

/
7- = 3 1 + — 2

- Xy) - -~
c\

Then,

V = -

(15)

(16)

Since V is negative semidefinite, equilibrium states other
than the ones described by conditions 1, 2, and 3 may exist.
Setting X' and 0 X to zero and substituting the control law of
Eq. (15) into the equations of motion give the following non-
linear equations, which must be solved simultaneously for the
other equilibrium states:

0= [(1

(17a)

(17b)

x(4 - 3C2C2)

(17c)

Examination of Eqs. (17) shows that if C050 ̂  0, Eq. (17b)
cannot be satisfied. Therefore, the only possible values of 0
are 0 = 0, T/2, TT, . . . . Further analysis of Eqs. (17) according
to the procedure given in Ref. 13 yields the following results.

1) For 0 = 0, TT, . . . , equilibrium occurs when 0' = 0 and
0 = 0, 7T/2, TT, . . . . The equilibrium tether length when 6 = 0,
TT, . . . is the desired final length and when 0 = 7r/2, . . . , the
equilibrium length satisfies,

+ -X )X = <

2) For 0 = 7T/2, . . . , the tether length satisfies,

+ -X )X = 0

and there are no restrictions on 0. Although this equilibrium
state may seem to imply existence of a dynamic equilibrium
state, this is not the case since, when 0 = 7r/2, . . . , the tether
aligned axis is aligned with the orbit normal X axis regardless
of 0.

The equilibrium states described by 1 and 2 above can be
shown to be unstable equilibrium states for the values of the
gains chosen in the simulations to follow by examining the
linearized models about those equilibrium states. Therefore,
only two true equilibrium states exist—the desired final state
and the reversed state (0 = TT, 0 = 0). By suitable choice of the
control gains, the closed-loop system can be made to converge
to the desired state.

Numerical Results
The tethered satellite is assumed to be deployed from the

Space Shuttle Orbiter, which is in a 200-km circular orbit
about the Earth. The values of constants common to all the
simulations are given in Table 1. In practice, the values of the
gains are selected by trial and error, so that performance is
satisfactory and tension is always positive.

Description

Table 1 System parameters

__________Symbol Value
Reference atmosphere density, kg/m3 po 1.2321 x 10 ~ 13

Atmosphere density
scaling factor, m" 1 (l//z()) 0.1513 x 10"3

Tether drag coefficient Cdt 2.1
Subsatellite drag coefficient C(\p 2.2
Subsatellite mass, kg mp 150.0
Subsatellite cross section, m2 AAP 1.0
Tether mass density, g/m pt 1.5
Tether diameter, mm ^ 1.0
Init ial deployment velocity, km/s VQ 0.07
Angle of inclination, deg / 90.0
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Deployment
The deployment process is basically a stable operation, and

the proposed nonlinear feedback control law is shown to be
effective in Fig. 2. Deployment can be achieved within 1.5
Orbits with very little oscillation in pitch and roll, even without
damping of the out-of-plane motion via the thrusters, when
aerodynamics is not considered. Although the initial in-plane
angular deviation is large, it converges to zero quickly. The
nondimensional tension is initially 0.65 (12.5 N) and settles to

its equilibrium value of 86.4 N. When aerodynamic drag is
considered, in-plane angular oscillations are more pronounced
but die out to the equilibrium hangoff angle of approximately
24 deg. Also, initial tension is higher (57.6 N) due to the
different set of gains used. The aerodynamic disturbance
causes a small (~ 5%) steady-state error in the deployed
length. The error may be eliminated either by increasing the
commanded length or by implementing a stationkeeping con-
trol law at the end of the deployment process.

120q

60 -_

-50

——— AERO: NO K1=2.5, K2=0.0, K3=5.0, K<>=0
—— AERO: YES K1=2.0, K2=0.0, K3=8.0, K,=0

Fig. 2 Deployment (00 = 4>o = 5.0 deg).

120q

60^

-10-

ORBITS

1̂  = 1.0, K2=0.03, K3=4.0
K«=0.5, 00=28.0, ^o=5.0

AERO: NO
AERO: YES

Fig. 4 Retrieval (with thrusters).

120q 120q

K, = 1.0, K2=0.03, K3=4.0
K,=0.0, 0o=28.0, <t>o=5.0

AERO: NO
AERO: YES

0
40 q

0
10q

-10-

n i i i i
2

t i l l i i i | i
2

ORBITS

0, K2=0.03, K3=4.0 0=23
0=33

Fig. 3 Retrieval (no thrusters).

K,=0.5,

Fig. 5 Retrieval for different initial in-plane angles.
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120q

60^

120q

-10-

rri i i i i | i
1 2

ORBITS

K, = 1.0, K3=4.0, K,=0.5
00=28.0, 4>0=5.0

K2=.03, YAW=3
K2=0.0

Fig. 6 Effects of pointing error and K2 terms.

Retrieval
Some difficulty is encountered when the proposed tension

control law is used for retrieval without out-of-plane thruster
control. From Fig. 3, it can be seen that even without aerody-
namic effects the retrieval rate is very slow during the end of
the process due to large and slowly converging residual oscilla-
tion of the out-of-plane roll angle. However, if out-of-plane
damping is included, convergence is faster and retrieval from
100 to 1 km can be accomplished within 2.57 orbits when
aerodynamics is not considered and 2.41 orbits when aerody-
namic effects are included (Fig. 4). After three orbits, the
tether lengths are 0.553 and 0.447 km when aerodynamic
effects are neglected and included, respectively. Also, in-plane
and out-of-plane angular oscillations decay quickly within
approximately 1.5 orbits. In Refs. 2 and 6, retrievals require
approximately 4 orbits, even when librational damping is in-
cluded in Ref. 2, and angular oscillations persist during the
process. However, when damping is not considered, the tether
lengths in Refs. 2 and 6 can be made to converge, whereas with
the present control law, convergence is unacceptably slow
without thruster augmentation.

Figure 5 shows a couple of typical retrieval responses for
different initial in-plane angles. It was found that when aero-
dynamic effects are included the system may flip to the re-
versed equilibrium position if the initial pitch angle is far
enough away from the initial steady-state hangoff angle of
approximately 28 deg. Retrieval can be successfully accom-
plished if the initial in-plane angle is within 8-10 deg of the
steady-state hangoff angle for the set of gains used in Fig. 5.
It should be noted, however, that in most cases retrieval of the
satellite will commence after a sufficiently long period of
stationkeeping. Therefore, the initial pitch angle should be
near the steady-state hangoff angle before retrieval, allowing
the use of the proposed control law in normal situations.

Figure 6 shows the retrieval responses when the system is
subjected to a pointing error of 3 deg in yaw and when the K2
gain is set to zero. It can be seen that the pointing error has
very little effect on the system by comparing with Fig. 4.

By setting K2 to zero, the complex angular terms in the
control law are eliminated and the control law reduces to a
simple length error and velocity feedback law with thruster

K1=2.5, K3=12.0, K,=0.5
0o=15.0, 4>0=5.0

K2=0.1
K2=0.0

Fig. 7 Effect of K2 terms with different gain values.

augmentation. Although it appears that the elimination of the
K2 terms have little effect on the overall system response due
to the figure scaling, it was verified that even after 4 orbits the
tether length is > 1 km. Figure 7 shows the effect of eliminat-
ing the K2 terms when a different set of gains are used. It can
be seen that the terms multiplied by K2 play a significant role
in damping out the in-plane oscillations and allowing faster
convergence of the tether length during the final phases of
retrieval.

Conclusions
A nonlinear feedback control law for the deployment and

retrieval of the tethered satellite system is developed using the
Lyapunov approach for a dynamic model that includes tether
mass and out-of-plane motion. This control law guarantees
stability of the simplified tethered satellite system dynamic
model developed herein when aerodynamic effects are ne-
glected. Stability analyses were carried out to verify that no
other equilibrium states other than the desired final state and
the reversed state exist. Numerical simulations show that the
control law, without thruster augmentation, will produce very
fast deployment for applications where the aerodynamic ef-
fects may be neglected and successful, but oscillatory, deploy-
ment when aerodynamic effects are included. For retrieval,
thruster augmentation in the out-of-plane direction is required
for faster convergence during the terminal phase and for in-
creased damping of the out-of-plane librations. Even when
aerodynamic drag is considered, the thruster augmented con-
trol law will result in successful retrieval to 1 km within 2.5
orbits under normal situations (when the initial pitch angle is
near the equilibrium hang-off angle). It was also found that
for the gains used in the simulations the effects of constant
thruster pointing error are insignificant. Verification of the
control law in the presence of other effects such as tether
flexibility and curvature have not been made and should be
studied before actual implementation.
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energy deposition in a compressible medium and the concurrent nonsteady flow as it typically occurs in
explosion phenomeria. Dynamics of Reactive Systems (V-113) spans a broader area, encompassing the
processes coupling the dynamics of fluid flow and molecular transformations in reactive media, occurring
in any combustion system.
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V-114 1988 540 pp. Hardback
ISBN 0-930403-47-9
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Nonmembers $92.95
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Sales Tax: CA residents, 8.25%; DC, 6%. For shipping and handling add
$4.75 for 1-4 books (call for rates for higher quanties). Orders under
$50.00 must be prepaid. Foreign orders must be prepaid. Please allow
4 weeks for delivery. Prices are subject to change without notice.
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